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Abstrat
The magneti dipole and eletri quadrupole hyperne onstants of Aluminium (
27
Al) atom are
omputed using the relativisti oupled luster (CC) and unitary oupled luster (UCC) methods.
Eets of eletron orrelations are investigated using dierent levels of CC approximations and
trunation shemes. The ionization potentials, exitation energies, transition probabilities, osillator
strengths and nulear quadrupole moment are omputed to assess the auray of these shemes. The
nulear quadrupole moment obtained from the present CC and UCC alulations in the singles and
doubles approximations are 142.5 mbarn and 141.5 mbarn respetively. The disrepanies between
our alulated IPs and EEs and their measured values are better than 0.3%. The other one-eletron
properties reported here are also in exellent agreement with the measurements.
PACS number(s) : 31.15.Ar, 31.15.Dv, 31.25.Jf, 32.10.Fn
1 Introdution
Theoretial studies of properties like hyperne oupling onstants and transition probabilities are strin-
gent tests of the auraies of atomi wave funtions. The former is sensitive to the nulear region while
the latter ruially depends on the wavefuntions at large distanes. High preision alulations of these
properties require a rigorous inorporation of orrelation eets [1℄ and in some ases even relativis-
ti eets. In partiular, the hyperne oupling onstants and transition eletri dipole (E1) moments
alulations are relevant to the studies of parity non-onservation (PNC) in atoms as PNC transition
amplitudes involve both short range eletro-weak interation and E1 transition moments [2℄.
The relativisti and eletron orrelation eets an be inorporated in many-eletron systems through
a variety of many-body methods. Among these approahes, the relativisti oupled luster (RCC) method
has emerged as one of the most powerful and eetive tool for a high preision desription of eletron
orrelations in many-eletron systems [3℄. Coupled-luster (CC) is an all-order non-perturbative theory,
and therefore, the higher order eletron orrelation eets an be inorporated more eiently than
using the order-by-order diagrammati many-body perturbation theory (MBPT) [4℄. The CC method is
size-extensive [5℄, a property whih has been found to be ruial for an aurate determination of state
energies, bond leavage energies for moleules and related spetrosopi onstants. Sine the order-by-
order MBPT expansion terms are diretly related to the terms in the CC wavefuntion (as the latter is
an all-order version of the former sheme), the CC results an be improved by adding ertain important
omitted diagrams by omputing the orresponding low order MBPT diagrams to all order.
In this paper, we report our alulations of the magneti dipole and eletri quadrupole hyperne
onstants (A and B respetively) for the lowest two 2P3/2 states (3
2P3/2 and 4
2P3/2) of
27Al obtained
using the RCC method. We also present ionization potentials (IPs), transition energies (EEs), transition
probabilities and osillator strengths of
27Al. Eets of eletron orrelations on these quantities are
investigated using dierent levels of CC approximation. We ompare atomi properties of
27Al obtained
from CC and UCC methods to assess the relative performane and auray of these two shemes.
The UCC and its variants [6, 7, 8, 9℄ were developed almost two deades ago to inorporate higher
order eletron orrelation eet systematially. Reently we have applied the relativisti UCC to atomi
systems for the rst time to alulate properties like lifetime of exited states [10℄. To our knowledge,
no prior UCC alulations are available for
27Al.
1
The nulear quadrupole moment (Q) of 27Al is of interest in several researh areas [11℄. The ele-
tri quadrupole hyperne onstant (B) of 27Al was measured in ioni rystals [12, 13℄ and in metalli
alloys [14℄ and the value of Q is extrated by ombining the alulated eletri eld gradient (q) at the
nuleus with the measured value of B. Q is also obtained from studying AlF and AlCl moleules [15℄.
Pernpointner and Vissher [16℄ have obtained the value of Q for Al, by studying AlF , AlCl and AlBr
moleules using fully relativisti CCSD(T) theory. The value of Q is also obtained from the muoni x-ray
[17, 18℄ and nulear sattering experiments [19℄.
In 1976, Rogers et al [20℄ employed the seond order MBPT method to determine the nulear
quadrupole moment Q of 27Al. Later, Sundholm and Olsen [21℄ alulated Q for the 2P3/2 state of
Al using the multi-onguration Hartree-Fok (MCHF) approah [22℄. Nulear struture alulations of
Q have also been arried out [23, 24, 25, 26℄. The disrepanies between the alulated and measured
values of Q suggest that inlusion of higher order eletron orrelation eets is neessary to improve
the existing alulations. Our present work is motivated by this onsideration. In this work, we have
ompared our alulated Q value of the with all the available alulated and measured values.
Setion 2 briey reviews the CC method. Computational details and results are disussed in the
subsequent setions 3 and 4 respetively. Finally in the last setion we highlight the ndings of our work.
2 Methodology
Sine the oupled luster methods used in this work are disussed elsewhere [6, 7, 8, 9, 27, 28℄ in details,
we only outline the essential features of the method here.
In this work, we employ the straight forward extension of non-relativisti oupled luster theory to
the relativisti regime by adopting the no-virtual-pair approximation (NVPA) along with appropriate
modiation of orbital form and potential terms [29℄. We begin with Dira-Coulomb Hamiltonian (H)
whih is expressed as
H =
N∑
i=1
[
c ~αi · ~pi + βmc
2 + VN (ri)
]
+
N∑
i<j
e2
rij
. (1)
The normal order form of the above Hamiltonian is given by
H = HN − 〈0|H |0〉 =
∑
ij
〈i|f |j〉
{
a†iaj
}
+
1
4
∑
i,j,k,l
〈ij||kl〉
{
a†ia
†
jalak
}
, (2)
where
〈ij||kl〉 = 〈ij|
1
r12
|kl〉 − 〈ij|
1
r12
|lk〉. (3)
The valene universal Fok spae open-shell oupled luster method is employed whih begins with the
deomposition of the full many-eletron Hilbert spae of dimension N into into a referene spae M0 of
dimension M ≪ N , dened by the projetor P , and its orthogonal omplement M⊥0 assoiated with the
projetor Q = 1− P . A valene universal wave operator Ω is then introdued whih satises
|Ψi〉 = Ω|Ψ
(0)
i 〉, i = 1, . . . ,M (4)
where |Ψ
(0)
i 〉 and |Ψi〉 are the unperturbed and the exat wave funtions of the ith eigenstate of the
Hamiltonian, respetively. The wave operator Ω, whih formally represents the mapping of the referene
spae M0 onto the target spae M spanned by the M eigenstates |Ψi〉, has the properties
ΩP = Ω, PΩ = P, Ω2 = Ω. (5)
With the aid of the wave operator Ω, the Shrödinger equation for the M eigenstates of the Hamiltonian
orrelating with the M -dimensional referene spae, i.e.,
H |Ψi〉 = Ei|Ψi〉, i = 1, . . . ,M, (6)
is transformed into a generalized Bloh equation,
HΩP = ΩHΩP = ΩPHeffP, (7)
2
where Heff ≡ PHΩP is the eetive Hamiltonian. One Eq. (7) is solved for the wave operator Ω,
the energies Ei, i = 1, . . . ,M , are omputed by diagonalizing the eetive Hamiltonian Heff in the M -
dimensional referene spaeM0. Following Lindgren's formulation of open-shell CC [27℄, we express the
valene universal wave operator Ω as
Ω = {exp(σ)}, (8)
and σ being the exitation operator and urly brakets denote the normal ordering.
The operator σ has two parts, one orresponds to the ore setor and the other to the valene setor.
In the oupled-luster singles and double (CCSD) exitation approximation the exitation operator for
the ore setor is given by
T = T1 + T2 =
∑
ap
{
a†paa
}
tpa +
1
2
∑
abpq
{
a†pa
†
qabaa
}
tpqab , (9)
tpa and t
pq
ab being the amplitude orresponding to single and double exitations respetively. In UCC
theory the ore exitation operator has a unitary form and is represented as T −T †. For a single valene
system the exitation operator the valane setor turns out to be exp(S) = {1 + S}and
Sk = S1k + S2k =
∑
k 6=p
{
a†pak
}
spk +
∑
bpq
{
a†pa
†
qabak
}
spqkb , (10)
where spk and s
pq
kb denotes the single and double exitation amplitudes for the valane setors respetively.
In Eqs. (9) and (10) we denote the ore (virtual ) orbitals by a, b, c... (p, q, r...) respetively and v
orresponds to the valane orbital. In the unitary ounterpart of CCSD, i.e. in UCCSD, sine the ore
exitation operator also ontains a de-exitation part (denoted by T †) it an be shown that for a given
approximation the UCC theory ontains ertain higher exitations eets whih is not present in the CC
theory [10℄.
2.1 Computation of one-eletron properties
We now present the method for omputing the matrix-element of sum of one-body operator O =
∑N
i=1 oi
that utilizes the struture Ω = {exp(σ)}. In this approah, the CC-equations are rst solved to determine
the σ luster amplitudes and then the matrix-element of a one-body operator is omputed through the
following relation:
Ofi =
〈Ψf |O|Ψi〉√
〈Ψf |Ψf〉
√
〈Ψi|Ψi〉
, (11)
where |Ψk〉 denotes the exat k-th state wave-funtions. It an be shown that the substitution of
the expression for the exat wave-funtions |Ψi〉 and |Ψf 〉 in Eq.(11) expliitly anels out spurious
disonneted terms from the above expression whih redues to
Ofi =
〈Ψf |O|Ψi〉c√
〈Ψf |Ψf〉c
√
〈Ψi|Ψi〉c
, (12)
where subsript c refers to the `onneted' terms.
2.2 Magneti dipole and eletri quadrupole hyperne onstants
The interation between the various moments of the nuleus and the eletrons of an atom are olletively
referred to as hyperne interations [4℄. Here we will briey present and outline of the the magneti
dipole (A), eletri quadrupole (B) hyperne onstants and the nulear quadrupole moment (Q).
For a state |IJFMF 〉the magneti dipole hyperne onstant A is dened as
A = µN
(µI
I
) 〈J‖T (1) ‖J〉√
J(J + 1)(2J + 1)
, (13)
where µI is the nulear dipole moment dened in units of Bohr magneton µN ; I and J are the total
angular angular momentum for the nuleus and the eletron state respetively and F = I + J with the
projetion MF . The eletri quadrupole hyperne onstant B for the same state is dened as
3
B = 2eQ
[
2J(2J − 1)
(2J + 1)(2J + 2)(2J + 3)
]1/2
〈J‖T (2) ‖J〉 , (14)
where Q denotes the nulear quadrupole moment.
The single partile forms (t(k)) of the operator T (k)(k = 1, 2) are taken from Cheng's paper [30℄ and are
represented as
T (1)q =
∑
q
t(1)q =
∑
j
−ie
√
8π
3
r−2j
−→αj ·Y
(0)
1q (r̂j) (15)
and
T (2)q =
∑
q
t(2)q =
∑
j
−er−3j C
(2)
q (r̂j). (16)
Here
−→α is the Dira matrix and Yλkq is the vetor spherial harmonis and C
(k)
q =
√
4pi
(2k+1)Ykq . In
Eq.(15) the index j refers to the j-th eletron of the atom and e is the magnitude of the eletroni
harge.
2.3 Eletri dipole transition probabilities and osillator strengths
The transition probability Af←i (in se
−1
) and osillator strength fif (in a.u.) for the eletri dipole
allowed transitions are given by [31℄
Af←i =
2.0261× 1018
gfλ3
Sf←i (17)
and
fif = 1.499× 10
−16 gf
gi
λ2Af←i (18)
respetively. Here, λ is the wave length in Å and gf (gi) ≡ (2J + 1) is degeneray of the upper (lower)
level. The quantity Sf←i is the E1 line strengths (in atomi units), respetively. The line strengths Sf←i
is dened as
Sf←i = Dif ×Dfi , (19)
where the eletri dipole Dfi matrix elements is given by
Dfi = C(f, i)
∫
dr [Pf (r)Pi(r) +Qf (r)Qi(r)] r , (20)
with
C(f, i) = (−1)jf+1/2
(
jf 1 ji
1/2 0 −1/2
)√
(2jf + 1)(2ji + 1) . (21)
3 Computational Details
The Fok-spae relativisti oupled luster method is applied to ompute the ground and exited state
energies of Al. The Dira-Fok equations are rst solved for the alkali metal ionM+, whih denes the (0-
hole,0-partile) setor of the Fok spae. The ion is then orrelated using the losed shell CCSD/LCCSD,
after whih one-eletron is added following the Fok-spae sheme
M+(0, 0) −→M+(0, 1).
Here LCCSD orresponds to linearized oupled-luster in singles and doubles. Both the DF and relativis-
ti CC programs utilize the angular momentum deomposition of the wave-funtions and CC equations.
Using the Juys- Levinson-Vanagas (JLV) theorem [32℄, the Goldstone diagrams are expressed as a
produts of angular momentum diagrams and redued matrix element. This proedure simplies the
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omputational omplexity of the DF and relativisti CC equations. We use the kineti balane ondition
to avoid the variational ollapse [33℄.
In the atual omputation, the DF ground state and exited state properties of Al are omputed using
the nite basis set expansion method (FBSE) [34℄ with a large basis set of (32s28p24d15f) Gaussian
funtions of the form
Fi,k(r) = r
k · e−αir
2
(22)
with k = 0, 1, . . . for s, p, . . . type funtions, respetively. For the exponents, the even tempering ondition
αi = α0β
i−1
(23)
is applied. Here, N is the number of basis funtions for a spei symmetry. The self-onsistent DF
orbitals are stored on a grid. It is assumed that virtual orbitals with high energies do not ontribute
signiantly to properties like IPs. In the CCSD alulations, we therefore trunate the virtual s, p, d and
f orbitals above 1000 a.u., 1000 a.u., 500 a.u. and 100 a.u., respetively. Single and double exitations
from all the ore orbitals to valene or virtual orbitals are onsidered.
Table 1: Transition energies (in m
−1
) of Al atom. IP is the ionization potential, EE denotes the
exitation energies with respet to the
2P1/2 ground state.
Dominant State LCCSD CCSD UCCSD Expt[35℄
Conguration
IP [Mg℄3p1/2
2P1/2 48194.92 48155.42 48211.83 48279.16
EE [Mg℄3p3/2
2P3/2 133.94 114.75 114.55 112.04
[Mg℄4s1/2
2S1/2 24802.66 24937.55 24988.00 25347.69
[Mg℄4p1/2
2P1/2 32464.50 32521.12 32572.34 32949.84
[Mg℄4p3/2
2P3/2 32481.26 32537.68 32588.94 32965.67
4 Results and Disussions
Table 1 ompares the IP and EE of Al omputed using dierent CC methods with the experiment [35℄.
It an be seen from this table that UCCSD alulations of the IP and EEs are more aurate than the
CCSD and LCCSD results. Although not well understood, the present as well as some earlier studies
[1℄ indiate that the IPs omputed using the LCCSD sheme are sometimes in better agreement with
the experiments than the orresponding CCSD alulations. For instane, the
2P1/2(3p1/2) IP estimated
using LCCSD method is diers by 84 cm−1 from the measured value, while the orresponding CC value
is o by 124 cm−1. However, it is lear from Table 1 that CCSD estimates the EE more aurately than
the LCCSD sheme for the low lying states.
In table 2 we present the results of our nulear quadrupole moment (Q) alulation using dierent
CC methods with other alulations [20, 21℄ and dierent measurements [15, 17, 18, 19℄. Pyykko¨ has
reviewed, alulated and measured Q values for a number of systems [11℄. Comparison of our results with
the existing data will give an indiation of the potential of the CC and UCC methods to provide aurate
estimate of nulear properties. It is evident from table 2 that Q alulated using the seond order MBPT
alulations by Rogers et al. [20℄ is far outside the experimental limits whereas the value obtained by the
restrited ative spae (RAS) based multi-onguration Hartree-Fok (MCHF) [22℄ alulation is loser
to the experimental limits. The unertainty in moleular experiment is less ompared to the muoni
experiments. Although our CC and UCC results are slightly outside the experimental limits, they ould
be of some importane in determining the aurate value of Q from a wide range of values.
The MBPT(2) and MCHF results learly indiate that the ontributions from non linear terms present
in CC and UCC theories are non-negligible and this is further supported by the results of our dierent
CC alulations of Q. The extremely aurate estimate of Q oered by LCCSD sheme is perhaps a
bit fortuitous. Nevertheless, the performane of CC, espeially the UCC, outshines the MBPT(2) and
MCHF treatments. Note that the eets of partial triple and quadrupole exitations are present in
5
Table 2: Comparison of the nulear quadrupole moments Q (in mbarn) of 27Al estimated using various
CC approah with the experiment and with other theoretial alulations.
Method Q
LCCSD 146.7
CCSD 142.5
UCCSD 141.5
MBPT(2)[20℄ 165(2)
MCHF[22℄ 140.3(1.0)
Moleular Exp[15℄ 146.6(1.0)
Moleular Theory [16℄ 146.0(4)
Muoni Exp.[17, 18℄ 150(6)
Nulear Sattering[19℄ 155(3)
Nulear Theory[23, 24℄ 134
Nulear Theory[24, 25℄ 150.8
Nulear Theory[25, 26℄ 138.9
our UCC alulations. The CC and UCC theories unlike the MCHF method are size-onsistent and
inorporate ertain higher order exitations that the MCHF does not at the same level of approximation.
For example, at the level of single and double (SD) exitations, the CC theory inludes not only the
eet of T2 but also T
2
2 ; whereas the eet of T
2
2 an be obtained in MCHF only if one onsiders the
quadrupole exitations. Also, that alulation is non-relativisti with a relativisti orretion added while
our alulation is fully relativisti.
Table 3: Magneti dipole hyperne (A) matrix elements ( in MHz) of Al atom.
Method A(3p1/2) A(3p3/2) A(4s1/2) A(4p1/2) A(4p3/2)
LCCSD 493.30 108.39 414.14 55.97 26.26
CCSD 498.06 101.49 405.94 58.32 23.09
UCCSD 498.33 100.98 407.18 58.28 23.12
Expt [36℄ 502.0346(5) 94.27723(10)
The values of A for the ground and exited states of Al omputed using the LCCSD, CCSD and
UCCSD methods are displayed in Table 3. Our alulated values of A agrees well with the experimental
values [36℄ for the
2P1/2(3p1/2) and
2P3/2(3p3/2) state. We also present the values of A for some other low
lying states whih ould be useful for experimentalists. We have also omputed the eletri quadrupole
hyperne onstant (B) for two low lying 2P3/2(3p3/2) and (4p3/2) states using CCSD(UCCSD) theory
whih are respetively 19.49 MHz(19.59 MHz) and 2.85 MHz(2.86 MHz) whereas the experimental value
of B for the 2P3/2(3p3/2) state is 18.915 MHz [37, 38℄.
In Table 4, we ompare the 3p1/2 → 4s and 3p3/2 → 3s wave lengths (λ), osillator strengths (fik),
line strengths (Sik) and transition probabilities (Aik) obtained from LCCSD, CCSD and UCC shemes
with the experiment. Table 4 shows that our omputed quantities (λ, Sik, and Aik) are in exellent
agreement with experiment espeially those predited by the UCC sheme. That this sheme provides
more aurate estimates of IP, EE et. and is also evident from Figure 1, where the absolute errors (in
%) in the omputed properties are plotted against dierent CC shemes.
5 Conlusion
The relativisti open-shell oupled luster sheme for diret energy dierene alulations and several
one eletron properties is presented and applied to Al. In this work, we investigate the eets of eletron
orrelations on the ground and exited state properties using dierent levels of CC approximations. We
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Table 4: Wave lengths λ (in Å), line strengths Sik ≡ |r|
2/a20 (in a.u.) transition probabilities Aik (in
108s−1), and osillator strengths fik (in a.u.) for [Mg]3p→ [Mg]4s transitions of Al atom.
Method [Mg℄3p1/2 → 4s [Mg℄3p3/2 → 4s
λ Sik Aik fik λ Sik Aik fik
LCCSD 4031.82 3.379 0.522 0.127 4053.72 6.763 1.028 0.127
CCSD 4010.05 3.292 0.517 0.125 4028.59 6.634 1.028 0.125
UCCSD 4001.92 3.275 0.517 0.114 4020.35 6.600 1.029 0.125
Expt[39℄ 3944.01 2.99 0.493 0.115 3961.52 6.0 0.98 0.115
0
0.5
1
1.5
2
2.5
3
LCCSD CCSD UCCSD
IP
3
3
3
3

+
+
+
+
A(3p
1=2
)
2
2
2
2
Figure 1: Absolute error (in %) of the omputed IP,
2P1/2(3p1/2)→
2 S1/2(4s) wave lengths (λ), magneti
dipole hyperne onstant (A) for the 3p2P1/2 state using dierent CC methods.
have shown that unitary oupled luster (UCC) method is apable of providing aurate estimates of
wave lengths, transition probabilities, osillator strengths, nulear quadrupole moment, magneti dipole
and eletri quadrupole hyperne onstants for relatively light atomi systems with a single valene
eletron. The alulated value of Q ompared to others are loser to the experimental unertainties
than all the existing atomi and nulear alulations, thereby demonstrating that RCC theory of atoms
an yield aurate values of nulear quadrupole moments. Suh an inter-disiplinary approah involving
atomi and nulear physis adds a new dimension to this theory.
Aknowledgments : One of the authors (CS) aknowledges the BRNS for projet no.
2002/37/12/BRNS.
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